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Abstract
We set up a canonical Hamiltonian formulation for a theory of gravity based on a Lagrangian
density made up of the Hilbert-Palatini term and, instead of the Holst term, the Nieh-Yan topo-
logical density. The resulting set of constraints in the time gauge are shown to lead to a theory in
terms of a real SU(2) connection which is exactly the same as that of Barbero and Immirzi with
the coefficient of the Nieh-Yan term identified as the inverse of Barbero-Immirzi parameter. This
provides a topological interpretation for this parameter. Matter coupling can then be introduced
in the usual manner, without changing the universal topological Nieh-Yan term.
PACS numbers: 04.20.Fy, 04.60.-m, 04.60.Ds, 04.60.Pp
∗Electronic address: shyam@imsc.res.in
†Electronic address: kaul@imsc.res.in
‡Electronic address: sandi@imsc.res.in
1
I. INTRODUCTION
Hilbert-Palatini Lagrangian for pure gravity is written in terms of the connection fields
ωIJµ and tetrad e
I
µ as independent field variables. Its Holst generalisation is given in terms
of the Lagrangian density [1]:
L = 1
2
eΣµνIJR
IJ
µν (ω) +
η
2
eΣµνIJ R˜
IJ
µν (ω) (1)
where,
ΣµνIJ :=
1
2
(eµI e
ν
J−eµJeνI ) , R IJµν (ω) := ∂[µω IJν] +ω IK[µ ω Jν]K , R˜ IJµν (ω) :=
1
2
ǫIJKLRµνKL(ω).
The second term is the Holst term with η−1 as the Barbero-Immirzi parameter [2, 3].
For η = −i, this Lagrangian density leads to the canonical formulation in terms of the
self-dual Ashtekar connection which is a complex SU(2) connection [4]. For real η, we have
a Hamiltonian formulation in terms of a real SU(2) connection, which coincides with the
Barbero formulation for η = 1 [2, 5].
Inclusion of Holst term does not change the classical equation of motion of the Hilbert-
Palatini action; there is no dependence on η in the equations of motion. In fact, when the
connection equation ω IJµ = ω
IJ
µ (e) is used, Holst term is identically zero.
Adding matter in the generalised Lagrangian density (1) needs special care. In particular
when spin 1
2
fermions are included through minimal coupling, the classical equations of
motion acquire a dependence on η [6]. However it is possible to modify the Holst term in
such a way that the equations of motion remain unchanged. Such modification for spin 1
2
fermionic matter and also those in the N = 1, 2 and 4 supergravities have been obtained
[7, 8]. When the connection equation of motion is used, the modified Holst terms in each of
these cases, become total divergences involving Nieh-Yan invariant density and divergence
of axial current densities involving the fermion fields. The modified Holst term used in these
formulations changes with the matter content of the theory.
It has been suggested that the Barbero-Immirzi parameter should have a topological
interpretation in the same manner as the θ parameter of QCD [9]. For this to be the
case, η should be the coefficient of a term in the Lagrangian density which is a topological
density. Since such a term would be a total derivative for all field configurations, the classical
equations of motion would remain unaltered. Such a term would be universal in the sense
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that it would not change when any matter coupling to gravity is introduced. The Holst term
in (1) or any of its modifications mentioned above do not have such a property.
In the four dimensional gravity, there are three possible topological densities, namely
Pontryagin, Euler and Nieh-Yan. The first two are quadratic in the curvature tensor. The
Nieh-Yan density contains a term linear in R IJµν (ω) and an R−independent term. This is
shown below to be associated with Barbero-Immirzi parameter.
The Nieh-Yan density is given by [11]:
INY = ǫ
µναβ
[
Dµ(ω)e
I
ν Dα(ω)eIβ −
1
2
ΣIJµν RαβIJ(ω)
]
, Dµ(ω)e
I
ν := ∂µe
I
ν + ω
I
µ Je
J
ν . (2)
This is a topological density, that is, it is a total divergence:
INY = ∂µJ
µ
NY(e, ω) , J
µ
NY(e, ω) := ǫ
µναβeIνDα(ω)eIβ . (3)
Note that unlike the Pontryagin and Euler densities, the Nieh-Yan density vanishes identi-
cally for a torsion free connection.
The classical equations of motion from the Lagrangian density containing the Hilbert-
Palatini term as well as the Nieh-Yan density:
L = 1
2
eΣµνIJR
IJ
µν (ω) +
η
2
INY (4)
are the same as those from the Hilbert-Palatini Lagrangian alone. We shall demonstrate
that the canonical Hamiltonian formulation based on this new Lagrangian density also leads
to a theory of real SU(2) connections, exactly the same as that emerging from the theory
with original Holst term. This in turn, for η = 1, is the Barbero formulation. Inclusion of
matter now does not need any further modification and equations of motion continue to be
independent of η for all couplings. This also allows a direct interpretation of the η parameter
as a topological parameter in a manner analogous to the θ-parameter in QCD.
In a quantum framework, it is also possible to arrive at the canonical formulation based
on the Lagrangian density (4) starting from the Hilbert-Palatini canonical formulation by
rescaling the wave functional by exp{ iη
2
∫
d3xJ tNY(e, ω)}. Mercuri has used this approach to
derive the canonical formulation containing the Barbero-Immirzi parameter for a theory with
spin-1/2 fermions [10]. This demonstrated for the first time, the role of Nieh-Yan density
as the source of the quantization ambiguity reflected by the Barbero-Immirzi parameter.
However, in this analysis the connection equation of motion has been used to express the
3
J tNY(e, ω) in terms of the fermions. It is desirable to carry out this procedure, retaining the
J tNY as in equation (3) in terms of the original geometric variables. Such a method then can
be applied directly to a theory of gravity with or without matter.
In this paper, we work within a classical framework. In section II, we describe the
Hamiltonian formulation based on the Lagrangian density (4) closely following the analysis
carried out by Sa [5] for the Hilbert-Palatini gravity with the Holst term. In section III, we
discuss the matter couplings, in particular the case of Dirac fermions. Coupling of any other
matter can be done in an analogous and straight forward manner. Section IV contains a
few concluding remarks.
II. HAMILTONIAN ANALYSIS
We propose the Lagrangian density for pure gravity to be that given in equation (4),
rewritten as:
L = 1
2
eΣµνIJR
IJ
µν (ω) +
η
2
[
eΣµνIJ R˜
IJ
µν (ω) + ǫ
µναβDµ(ω)e
I
ν Dα(ω)eIβ
]
=
1
2
eΣµνIJR
(η)IJ
µν (ω) +
η
2
ǫµναβDµ(ω)e
I
νDα(ω)eIβ , (5)
where R
(η)IJ
µν (ω) := R IJµν (ω) + ηR˜
IJ
µν (ω) and we have used the identities,
ΣµνIJ R˜
IJ
µν (ω) = Σ˜
µν
IJR
IJ
µν (ω) , eΣ˜
µν
IJ :=
e
2
ǫIJKLΣ
µνKL = − 1
2
ǫµναβΣαβIJ . (6)
Introducing the notation, taI := ηǫ
abcDb(ω)eIc and ǫ
abc := ǫtabc, the 3+1 decomposition is
expressed as:
L = eΣtaIJR(η)IJta (ω) +
e
2
ΣabIJR
(η)IJ
ab (ω) + t
a
I
(
Dt(ω)e
I
a −Da(ω)eIt
)
(7)
Defining ω
(η)IJ
a := ωIJa + ηω˜
IJ
a and Σ
(η)ta
IJ := Σ
ta
IJ + ηΣ˜
ta
IJ we get,
L = eΣtaIJ∂tω(η)IJa + ωIJt Da(ω)
(
eΣ
(η)ta
IJ
)
+
e
2
ΣabIJR
(η)IJ
ab (ω)
+taI∂te
I
a + ω
IJ
t t
a
IeaJ + e
I
t Da(ω)t
a
I − ∂a
(
taIe
I
t + eΣ
(η)ta
IJ ω
IJ
t
)
(8)
We parametrize the tetrad fields as:
eIt =
√
eNM I +NaV Ia , e
I
a = V
I
a ; MIV
I
a = 0 , MIM
I = − 1 (9)
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and then the inverse tetrad fields are:
etI = −
MI√
eN
, eaI = V
a
I +
NaMI√
eN
;
M IV aI := 0 , V
I
a V
b
I := δ
b
a , V
I
a V
a
J := δ
I
J +M
IMJ (10)
Defining qab := V
I
a VbI and q := detqab , leads to e := det(e
I
µ) = Nq. We may thus trade the
16 tetrad fields with the 9 fields V aI (M
IV aI = 0), the 3 fields M
I (MIM
I = −1) and the 4
fields N and Na.
Next using the identity,
ΣabIJ = 2NeΣ
t[a
IKΣ
b]t
JLη
KL +N [aΣ
b]t
IJ , (11)
and dropping the total space derivative terms,
L = eΣtaIJ∂tω(η)IJa + taI∂teIa −NH −NaHa − 12ωIJt GIJ (12)
where 2eΣtaIJ = −
√
qM[IV
a
J ] , t
a
I := ηǫ
abcDb(ω)VIc and
H = 2e2ΣtaIKΣ
tb
JLη
KLR
(η)IJ
ab (ω)−
√
qM IDa(ω)t
a
I , (13)
Ha = eΣ
tb
IJR
(η)IJ
ab (ω)− V Ia Db(ω)tbI , (14)
GIJ = −2Da(ω)
(
eΣ
(η)ta
IJ
)
− ta[IVJ ]a . (15)
Introduce the fields,
Eai := 2eΣ
ta
0i , χi := −Mi/M0 , Aia := ω(η)0ia − χjω(η)ija , ζ i := − Eaj ω(η)ija . (16)
In terms of these, we have 2eΣtaij = −Ea[iχj] and eΣtaIJ∂tω(η)IJa = Eai ∂tAia + ζ i∂tχi, and the
Lagrangian density is:
L = Eai ∂tAia + ζ i∂tχi + taI∂tV Ia −NH −NaHa − 12ωIJt GIJ , (17)
where, now we need to re-express H,Ha and GIJ (G
i
boost := G0i , G
i
rot :=
1
2
ǫijkGjk) in terms
of these new fields:
Giboost = −∂a
(
Eai − ηǫijkEaj χk
)
+ Ea[iχk]A
k
a + (ζ
i − χ · ζχi)− ta[0Vi]a , (18)
Girot = ∂a
(
ǫijkEaj χk + ηE
a
i
)
+ ǫijk
(
AjaE
a
k − ζjχk − tajV ka
)
(19)
Ha = E
b
i
[
R
(η)0i
ab (ω)− χjR(η)ijab (ω)
]
− V Ia Db(ω)tbI (20)
5
= Ebi ∂[aA
i
b] + ζ
i∂aχ
i − V Ia ∂btbI + tbI∂[aV Ib]
− 1
1 + η2
[
Eb[iχl]A
l
b + (ζi − χ · ζχi)− tb[0Vi]b − ηǫijk(AjbEbk − ζjχk − tbjV kb )
]
Aia
− 1
1 + η2
[
1
2
ǫijk(ηGkboost +G
k
rot)− χi(Gjboost − ηGjrot)
]
ω(η)ija (21)
H = −EakχkHa −
1
2
(1− χ · χ)Eai EbjR(η)ijab (ω)−
(
EakχkV
I
a +
√
qM I
)
Db(ω)t
b
I
= −EakχkHa + (1− χ · χ)
[
Eai ∂aζi +
1
2
ζiE
a
i E
b
j∂aE
j
b
]
+
1− χ · χ
2(1 + η2)
ζi
[−Giboost + ηGirot]− (EakχkV Ia +√qM I) ∂btbI
−1 − χ · χ
1 + η2
[
1
2
Ea[iE
b
j]A
i
aA
j
b + E
a
i A
i
aχ · ζ + ηǫijkζiAjaEak
+
3
4
(χ · ζ)2 − 3
4
(ζ · ζ) + 1
2
ζit
a
[0Vi]a −
η
2
ζiǫ
ijktajV
k
a
]
+
1− χ · χ
1 + η2
[
1√
E
Aiat
a
i +
1
2
V ia
(
ζ · χtai − χiζjtaj + ηǫijkζjtak
)]
+
1− χ · χ
1 + η2
[
− 1√
E
χit
b
j +
η
2
√
E
ǫijktbk + (1 + η
2)Eai ∂aE
b
j + E
a
i χjE
b
mA
m
a
−ηǫimnEamEbnAja −
η
4
(
ǫijmEbn + ǫ
ijnEbm
)
χmζn
]
uijb
+
1− χ · χ
2(1 + η2)
(χmχn − δmn)EajEbiuima ujnb (22)
In the above, Eia :=
√
EV ia is the inverse of E
a
i i.e. E
i
aE
b
i = δ
b
a , E
i
aE
a
j = δ
i
j and E
−1 =
q(M0)2 equals detEai . Furthermore we have also set u
ij
a := ω
(η)ij
a − 12E[ia ζj]. Notice that
Ebiu
ij
b = 0. The six independent fields in u
ij
a may be parametrized in terms a symmetric
matrix M ij as, uija :=
1
2
ǫijkElaM
kl [5].
We have replaced the original 16 tetrad fields with 16 new fields: Eai , χi, N and N
a. In
place of the original 24 connection fields ωIJµ we use the new set of 24 fields A
i
a, ζi,M
kl, ωijt and
ω0it . The fields V
I
a and t
a
I are not independent; these are given in terms of the fundamental
fields as: V Ia = υ
I
a and t
a
I = τ
a
I where
υ0a := −
1√
E
Eiaχi , υ
i
a :=
1√
E
Eia (23)
τa0 := ηǫ
abcDb(ω)V0c = η
√
EEam
[
Gmrot −
χl
2
(
2fml +Nml
1 + η2
+ ǫmlnG
n
boost
)]
(24)
τak := ηǫ
abcDb(ω)Vck = −η
2
√
EEam
[
2fmk +Nmk
1 + η2
+ ǫkmnG
n
boost
]
(25)
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where,
2fkl := ǫijkE
a
i
[
(1 + η2)Elb∂aE
b
j + χjA
l
a
]
+ η
(
Eal A
k
a − δklEamAma − χlζk
)
+ (l ↔ k) (26)
Nkl := ǫ
ijk(χmχj − δmj)Eai ulma + (l ↔ k) (27)
= (χ · χ− 1)(Mkl −Mmmδkl) + χmχnMmnδkl + χlχkMmm − χm(χkMml + χlMmk)
We can upgrade V Ia and t
a
I as independent fields through terms containing the Lagrange
multiplier fields ξaI and φ
I
a in the Lagrangian density:
L = Eai ∂tAia + ζ i∂tχi + taI∂tV Ia −H
H := NH +NaHa + 1
2
ωIJt GIJ + ξ
a
I (V
I
a − υIa) + φIa(taI − τaI ) (28)
where υIa and τ
a
I are defined in equations (23 - 25). We have 24 pairs of canonically con-
jugate independent field variables (Eai , A
j
b), (ζ
i, χj), (taI , V
I
a ). The remaining fields, namely,
N,Na, ωIJt , ξ
a
I , φ
I
a and M
kl have no conjugate momenta since in the Lagrangian their ve-
locities do not appear. Preservation of these constraints (vanishing of the variation of the
Hamiltonian with respect to the fields) leads to the secondary constraints. From the varia-
tions with respect to fields ω0it , ω
ij
t , N
a, N, ξaI and φ
I
a, we get the constraints:
Giboost ≈ 0 , Girot ≈ 0 ; Ha ≈ 0 , H ≈ 0 ; (29)
V Ia − υIa ≈ 0 , taI − τaI ≈ 0. (30)
From the variation with respect to Mkl or equivalently uija , we get:
δH
δMkl
δMkl ≈ δH
δMkl
δMkl =
(1− χ · χ)
2(1 + η2)
[(ηtak − ǫijkχitaj )V la + fkl +
1
2
Nkl]δM
kl ≈ 0.
This leads to
(ηtak − ǫijkχitaj )V la + fkl +
1
2
Nkl + (k ↔ l) ≈ 0 (31)
Using constraints (30), and the expressions (23 - 25) for τaI , υ
I
a, equation (31) implies :
(
ηǫijkχi + δkj
)
(2fjl +Njl) + η(1 + η
2)
(
δklχmG
m
boost − χlGkboost
)
+ (k ↔ l) ≈ 0
Using (29), this in turn implies the constraint:
2fkl +Nkl ≈ 0 (32)
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where, fkl and Nkl are given in (26, 27). This constraint can be solved for Mkl. Furthermore
it implies, from the definitions (24, 25), that τaI ≈ 0 and hence,
taI ≈ 0 . (33)
Implementing this constraint then reduces the Hamiltonian density to
H = NH +NaHa + 1
2
ωIJt GIJ (34)
where now,
Giboost = −∂a
(
Eai − ηǫijkEaj χk
)
+ Ea[iχk]A
k
a + (ζ
i − χ · ζζ i) ≈ 0 , (35)
Girot = ∂a
(
ǫijkEaj χk + ηE
a
i
)
+ ǫijk(AjaE
a
k − ζjχk) ≈ 0 , (36)
Ha = E
b
i ∂[aA
i
b] + ζi∂aχi (37)
− 1
1 + η2
[
Eb[kχl]A
l
b + ζi − χ · ζχi − ηǫijk(AjaEak − ζjχk)
]
Aia
− 1
1 + η2
[
1
2
ǫijk(ηGkboost +G
k
rot)− χi(Gjboost − ηGjrot)
]
ω(η)ija ≈ 0 ,
H = −EakχkHa + (1− χ · χ)
[
Eai ∂aζi +
1
2
ζiE
a
i E
b
j∂aE
j
b
]
(38)
+
(1− χ · χ)
2(1 + η2)
ζi[−Gjboost + ηGjrot]
−(1− χ · χ)
1 + η2
[
1
2
Ea[iE
b
j]A
i
aA
j
b + E
a
i A
i
aχ · ζ + ηǫijkζiAjaEak +
3
4
(χ · ζ)2 − 3
4
(ζ · ζ)
]
+
(1− χ · χ)
2(1 + η2)
[
fklM
kl +
1
4
(χ · χ− 1)(MklMkl −MkkM ll)
+
1
2
χkχl(M
ppMkl −MkpM lp)
]
≈ 0 .
In the last equation we have Mkl given by the constraint 2fkl+Nkl = 0, which can be solved
as:
(1−χ·χ)Mkl = 2fkl+(χmχnfmn−fmm)δlk+(χmχnfmn+fmm)χkχl−2χm(χlfmk+χkfml) (39)
This is the same set of equations as those obtained by Sa [5] in his analysis of the action
containing Holst term.
We may fix the boost gauge transformations (time gauge) by imposing χi ≈ 0 which
together with the Giboost ≈ 0 forms a second class pair. Solving the boost constraint with
χi = 0 yields,
ζi = ∂aE
a
i (40)
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In this gauge we then recover a canonical Hamiltonian formulation in terms of real SU(2)
gauge fields Aia which reduces to the Barbero formulation for η = 1 [5].
To summarize, like the Holst term, the Nieh-Yan term leads to an SU(2) gauge theoretic
formulation. But, it is only the coefficient of the Nieh-Yan term that has a topological
character.
III. MATTER COUPLING
As stated earlier, the matter can now be coupled to gravity in a straight forward manner.
As an example, we consider a spin-1
2
Dirac fermion with its usual minimal coupling to gravity.
The Lagrangian density is1,
L = 1
2
e ΣµνIJ R
IJ
µν (ω) +
η
2
INY +
ie
2
[λ¯γµDµ(ω)λ − Dµ(ω)λγµλ] (41)
where,
Dµ(ω)λ := ∂µλ +
1
2
ωµIJ σ
IJ λ , Dµ(ω)λ := ∂µλ¯ − 1
2
λ¯ ωµIJ σ
IJ
Notice that, unlike earlier attempts of setting up a theory of fermions and gravity with
Barbero-Immirzi parameter [7, 8] where the Holst term was modified to include an additional
non-minimal term for the fermions, the Lagrangian density here containing the Nieh-Yan
density does not require any further modification, just the usual minimal fermion terms
suffice. This is so because the Nieh-Yan term is topological.
We expand the fermion terms as
L(F ) := ie
2
[λ¯γµDµ(ω)λ − Dµ(ω)λγµλ]
=
[
∂tλ¯Π − Π¯∂tλ
] − NH(F ) − NaHa(F ) − 1
2
ωIJt GIJ(F ) (42)
where Π¯ and Π are canonically conjugate momenta fields associated with λ and λ¯
respectively. Explicitly 2,
Π¯ = −ie
2
λ¯γt =
i
√
q
2
MI λ¯γ
I , Π = − ie
2
γtλ =
i
√
q
2
MIγ
Iλ (43)
1 Our Dirac matrices satisfy the Clifford algebra: γIγJ + γJγI = 2ηIJ , ηIJ := diag(−1, 1, 1, 1). The chiral
matrix γ5 := iγ
0γ1γ2γ3 and σIJ := 1
4
[γI , γJ ].
2 The fermions are Grassmann valued and the functional differentiation is done on the left factor which
accounts for the signs in the definitions of the conjugate momenta in (43).
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GIJ(F ) = Π¯σIJλ + λ¯σIJΠ (44)
Ha(F ) = Da(ω)λΠ − Π¯Da(ω)λ (45)
H(F ) = (−2 e ΣtaIJ )
[
Da(ω)λ σ
IJ Π + Π¯ σIJ Da(ω)λ
]
(46)
Incorporating these fermionic terms in the pure gravity Lagrangian density given in equa-
tion (28), we write the full Lagrangian density as,
L = Eai ∂tAia + ζ i ∂tχi + taI∂tV Ia + ∂tλ¯ Π− Π¯ ∂tλ−NH ′ −NaH ′a −
1
2
ωIJt G
′
IJ
− ξaI (V Ia − υIa)− φIa(taI − τaI ) (47)
where now
G′IJ = G
IJ + GIJ(F ) , H ′a = Ha + Ha(F ) , H
′ = H + H(F ) , (48)
with GIJ , Ha and H as the contributions from the pure gravity sector as given by the
equations (13 – 15) or equivalently by the equations (19 – 22).
The various quantities above can then be rewritten in terms of the basic fields as:
G′iboost = −∂a(Eai − ηǫijkEaj χk) + Ea[iχk]Aka + (ζ i − χ · ζ χi)− t′a[0Vi]a
+
[
Π¯(1 + iηγ5)σ0iλ + λ¯(1 + iηγ5)σ0iΠ
]
; (49)
G′irot = ∂a(ǫ
ijkEaj χk + ηE
a
i ) + ǫ
ijk(AjaE
a
k − ζjχk − t′aj V ka )
+
[
Π¯(iγ5 − η)σ0iλ + λ¯(iγ5 − η)σ0iΠ
]
; (50)
H ′a = E
b
i ∂[aA
i
b] + ζi∂aχi − ∂b(t′bI V Ia ) + t′bI ∂aV Ib
+
[
∂aλ¯(1 + iηγ5)Π − Π¯(1 + iηγ5)∂aλ
] − [λ¯σ0iΠ+ Π¯σ0iλ]Aia
− 1
1 + η2
[
Eb[iχl]A
l
b + ζi − χ · ζχi − t′b[0Vi]b − ηǫijk (AjaEbk − χjζk − t′bj V kb )
]
Aia
− 1
1 + η2
[
1
2
ǫijk
(
ηG′kboost +G
′k
rot
)− χi(G′jboost − ηG′jrot)
]
ω(η)ija (51)
H ′ = −EakχkH ′a − (EakχkV Ia +
√
qM I) ∂bt
′b
I + (1− χ · χ)
[
Eai ∂aζi +
1
2
ζiE
a
i E
b
j∂aE
j
b
]
−(1− χ · χ)
1 + η2
[
1
2
Ea[iE
b
j]A
i
aA
j
b + E
a
i A
i
aχ · ζ + ηǫijkζiAjaEak +
3
4
(χ · ζ)2 − 3
4
(ζ · ζ)
]
+
(1− χ · χ)
2(1 + η2)
[
ζi − 2V ib (tb0 − t′b0 )
] [−G′iboost + ηG′irot − t′a[0Vi]a + ηǫijkt′aj V ka ]
+
(1− χ · χ)√
E(1 + η2)
[
t′bmA
m
b +
1
2
Eibt
′b
[iχj]ζj +
η
2
ǫijkt
′b
i E
j
bζk
]
− 2e ΣtaIJ
[
∂aλ¯(1 + iηγ5)σ
IJΠ + Π¯(1 + iηγ5)σ
IJ∂aλ
]
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+ Eakχk
[
∂aλ¯(1 + iηγ5)Π− Π¯(1 + iηγ5)∂aλ
]
− 2e ΣtaIJ
[−λ¯σ0l σIJΠ+ Π¯σIJ σ0lλ]Ala − Eakχk [Π¯σ0lλ+ λ¯σ0lΠ]Ala
+
(1− χ · χ)
2(1 + η2)
[(
ηt′ak − ǫijkχit′aj
)
V al + fkl + (1 + η
2)Jkl +
1
4
Nkl(M)
]
Mkl (52)
where as earlier, 2e Σta0i = E
a
i , 2e Σ
ta
ij = −Ea[iχj] and fkl , Nkl(M) are given by equations
(26, 27) respectively. Also,
t′aI := t
a
I − ηe ΣtaIJ λ¯γ5γJλ (53)
= taI +
iη√
q
e ΣtaIJ
[
MJ (Π¯γ5λ− λ¯γ5Π) + 2ML(Π¯γ5σLJλ+ λ¯γ5σLJΠ)
]
2Jkl :=
1
2
√
E
λ¯γ5
(
χkγl + χlγk + 2δkl
M IγI
M0
)
λ (54)
=
i
2
(δkl +MkMl)(Π¯γ5λ− λ¯γ5Π) + iMlMJ (Π¯γ5σJkλ+ λ¯γ5σJkΠ) + (k ↔ l)
The Hamiltonian density now reads:
H = NH ′ + NaH ′a +
1
2
ωIJt G
′
IJ + ξ
a
I (V
I
a − υIa) + φIa(taI − τaI ) (55)
The constraints associated with the fields Na, N, ω0it , ω
ij
t , ξ
a
I and φ
I
a respectively are:
H ′a ≈ 0 , H ′ ≈ 0 , G′iboost ≈ 0 , G′irot ≈ 0 (56)
V Ia − υIa ≈ 0 , taI − τaI ≈ 0. (57)
The remaining fields Mkl, from δH
′
δMkl
δMkl ≈ 0, lead to the constraint,
(ηt′ak − ǫijkχit′aj )V la + fkl +
1
2
Nkl + (1 + η
2)Jkl + (k ↔ l) ≈ 0 (58)
Using taI ≈ τaI , we write
t′ak ≈ −
η
2
√
E Eal
[
2fkl +Nkl
1 + η2
+ 2Jkl + ǫklnG
′n
boost
]
t′a0 ≈ η
√
E Eal
[
G′ lrot −
χk
2
(
2fkl +Nkl
1 + η2
+ 2Jkl + ǫkln G
′n
boost
)]
(59)
Using (59) in (58), leads to
2fkl +Nkl + 2(1 + η
2)Jkl ≈ 0 (60)
generalizing the constraint (32) of the pure gravity case. This in turn implies
t′aI ≈ 0 (61)
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corresponding to the constraint (33) for pure gravity. Implementing this constraint along
with those in (57) reduces the Hamiltonian density to
H = NH ′ +NaH ′a +
1
2
ωIJt G
′
IJ (62)
where the final set of constraints are obtained from equations (49 – 52) by substituting
t′aI = 0 and dropping the terms containing G
′i
boost, G
′i
rot in H
′
a, H
′. The Mkl is given by the
solution of the constraint (60).
Time gauge:
We may now make the gauge choice χi = 0 and solve the boost constraint G
′i
boost = 0
to obtain
ζi = ∂aE
a
i − iη
[
Π¯γ5σ0iλ+ λ¯γ5σ0iΠ
]
(63)
Thus we have a canonical Hamiltonian formulation for a theory of gravity with fermions in
terms of real SU(2) gauge fields Aia with the following constraints:
G′irot = η ∂aE
a
i + ǫ
ijkAjaE
a
k + i[ Π¯γ5σ0iλ+ λ¯γ5σ0iΠ] ≈ 0;
H ′a = E
b
i ∂[aA
i
b] + [ ∂aλ¯(1 + iηγ5)Π− Π¯(1 + iηγ5)∂aλ ]
− 1
1 + η2
[
∂aE
a
i − ηǫijkAjbEbk − iη
(
Π¯γ5σ0iλ+ λ¯γ5σ0iΠ
)]
Aia ≈ 0;
H ′ = [Eai ∂aζi +
1
2
ζiE
a
i E
b
j∂aE
j
b ]−
1
1 + η2
[
1
2
Ea[iE
b
j]A
i
aA
j
b + ηǫijkζiA
j
aE
a
k −
3
4
ζ · ζ
]
+ 2Eai
[
∂aλ¯(1 + iηγ5)σ0iΠ+ Π¯(1 + iηγ5)σ0i∂aλ
]
+ Eai
[
λ¯σilΠ + Π¯σ
ilλ
]
Ala
+
1
2(1 + η2)
[{
fkl + (1 + η
2)Jkl
}
Mkl − 1
4
(
MklMkl −MkkM ll)
]
≈ 0 (64)
where ζ i are given by (63) and
Mkl = 2
[
fkl + (1 + η
2)Jkl
]− δkl [fmm + (1 + η2)Jmm] (65)
with
2fkl = (1 + η
2)ǫijkEai E
l
b∂aE
b
j + η
(
EakA
l
a − δklEamAma
)
+ (k ↔ l)
2Jkl = iδkl
[
Π¯γ5λ− λ¯γ5Π
]
(66)
This completes our discussion of a fermion minimally coupled to gravity including the
Nieh-Yan term. This analysis can now be extended in an analogous manner to a theory
with any matter content with any couplings.
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IV. CONCLUSIONS
We have demonstrated that inclusion of Nieh-Yan topological density in the Lagrangian
density of a theory of gravity allows us, in the time gauge, to describe gravity in terms of a
real SU(2) connection. The set of constraints so obtained in the Hamiltonian formulation,
for η = 1, is the same as that in the Barbero formulation. For other real values of this
parameter, we have the Immirzi formulation with Barbero-Immirzi parameter γ = η−1. Thus
the parameter η has similar interpretation as the θ-parameter of QCD. Like the topologically
non-trivial vacuum structure of QCD, which reflects itself in terms of presence of the θ-
parameter, the η-parameter in the theory of gravity should indicate a rich vacuum structure
of gravity which needs further and thorough investigation.
Like the θ-term in QCD, the Nieh-Yan term in gravity is also universal, i.e., it does not
need to be changed when various kinds of matter are coupled to the theory. We have dis-
cussed this in detail for spin 1
2
matter coupled to gravity. For other matter, for example,
in the theories involving an anti-symmetric tensor gauge field, and also theories of super-
gravity, the same Nieh-Yan topological term allows a description in terms of a theory of
a real SU(2) gauge connection in the time gauge. This is to be contrasted with the case
of Holst modification of Hilbert-Palatini action, where for different matter couplings, the
corresponding Holst term in the Lagrangian density needs to be changed on a case by case
basis so as to keep the equations of motion unaltered [7, 8]. It is worth emphasizing that the
Nieh-Yan density is entirely made up of geometric quantities while the modified Holst terms
contain matter fields as well. The two get related only after using the connection equation
of motion.
In a complete theory of gravity, besides the Nieh-Yan topological term, we need to include
two other topological terms, the Pontryagin density and the Euler density. This introduces
two additional topological parameters associated with such topological terms, besides the
parameter η we have discussed here. Any quantum theory of gravity should have all these
three CP-violating topological couplings.
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